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Abstract. In this article we calculate various parameters which chatracterize the size and
shape of random walks utilizing a recently developed 1/d expansion technique, where
is the spatial dimension in which the random walk takes place. A new procedure for
extracting the averages of the principal radii of gyration is presented and the calculation
is carried out to order 1/d?, which is one order higher than previous work. Comparison
with the results of numerical simulations provides new insights regarding the accuracy of
the 1/d expansion procedure.

1. Introduction

This paper is the continuation of our previous work on the study of shapes of random
walks (see Rudnick and Gaspari (1986} and Gaspari et al (1987) and references therein;
for an alternate approach, see Eichinger (1985) and Shy and Eichinger (1989)). As
before, we limit our consideration to random walks which are not self-avoiding. The
core of an analysis is the study of the resolvent, R(A},

R(A)=Tr(M1_T) (1)

of the compiex variable, A, and where | is the identity operator and T is the radius of
gyration tensor (Solc 1971). Previously we were able to obtain the first two terms in a
1/d expansion for the average of the components of the radii of gyration, (R}).
Comparison between a theoretical prediction and computer simulations done by Bishop
and Michel (1985, 1986} and Bishop and Saltiel (1986) are remarkably good, the error
being of the order of 5% in three dimensions. This encourages us to investigate the
next higher-order term, in the hope of substantially reducing the remaining discrepancy.

Using the techniques of contour integrals, we can extract analytical expressions
for the principal radii of gyration and their probability distribution function. We find
that, for linear chains, the average principal radii of gyration are given by

(N+1)[ L1 (11'2!2 1)] (1)
H= +— +
A=(Ri)= Z |1t i\ s 32 o a’ @)
The ratios between the eigenvalues are, to order 1/d?,
A)_(RY _Jj ( 1 2)
ay R Ta 48(' 7 (3)

One property of this new result is the dependence on spatial dimension of the ratios

0305-4470/91/092131+19%03.50 © 1991 IOP Publishing Ltd 2131



2132 A Beldjenna et al

of the eigenvalues, which is not a property of the O(1/d} results. Our new results are
discussed in detail in section 4 where they are also compared with numerical simulations
The agreement between the analytical expression and the results of numerical simula-
tions for the largest principal radius of gyration is remarkably good, even at very low
dimensions, such as d =2, d = 3. Comparing 1/ d expansion results with our simulations
in two and three dimensions, and with the numerical results reported by Bishop and
Saltiel (1986) in two to five dimensions, we find that the probable error for the largest
eigenvalue is less than 2% in all dimensions.

While the 1/d expansion works surprisingly well at low order there is reason to
believe that it is probably not mathematically well behaved. A key assumption in our
analysis is almost certainly not justified in the dimensionalities of interest. This assump-
tion is described above equation (9) and further discussed in section 4.3. The behaviour
of the coefficient of 1/d? in equation (3), in which either i or j may be as large as d,

may ha talkan ag an indisatinn af natential chartonminge af tha mathad and ic in fart
Hidy v Laibll as all VIV Ul pULLHIUGL DIIVINLAJLITTTHES UL Wi HICUIUG, aila 15, ) 1aia,

an indication that the 1/d expansion is not a convergent series but an asymptotic one.

The plan of this paper is as follows. In the next section we present the basic
formalism and the terminology to be used. Section 3 sketches the derivation of the
1/d? correction for the analytical expression of the resolvent function (R{A)). The
details are presented in the appendix. The formalism which we have developed for
the analysis of the resolvent function is used to calculate the principal radii of gyration.
Explicit expressions for (A;) and {A?) are derived and presented in this section. The
final section is devoted to the discussion of the 1/d” results and their comparison with
numerical simulations.

2. General considerations

A fundamental quantity which serves to characterize the shape of an N-step random
walk is the radius of gyration tensor T (Solc 1971). The elements of T are given by

N+1
TN ) — (X oy —{x:)) (4)
srlansn v o tha fth Anmaeanant AF tha macitinn vantar af tha Ith vartay in tha walle and
WIICIC Ah I3 LLIC il \,uul.puucul. Ul uilw HUD].I.IUI.I. Fhowisl W1 LW 3111 Yiwllva 111 L1iw YYalin, il
{x;} is the average over the walk
1 N-+1 )
X)) = Xii (5
(1) (N+1) igl i

Using the displacement vectors n, which connect the ath and (a +1)th vertices, it
can be shown that the elements of T become (Kramers 1946, Fixman 1962, Forsman
and Hughes 1963}

N
T;= g‘. Ao 3 MNaillay {6)
o, A=1
where a,p is a real, symmetric matrix with elements
1 PN - a
a, af{N+1- o <
1
=——B(INtl—a o> 7
e ) B (

and 7,; is the ith component of the displacement vector i, for the ath step.
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For essentially all unrestricted walks, the probability distribution function P(n.)
for the chain segments »,; can be taken to be Gaussian in the lmit of Jarge N » 1
(Kuhn 1936, 193%, Flory 1971). Such a walk is equivalent to a random fight with the
following probability distribution for »:

d\v?: d
P(w)*(&;) e?(p(“-z'ﬂia)

d being the dimeunsianatity. The novmalization is chosen so that the average length of
a link is unity, i.e.

T (a1, ()

The fundamental quantity which will be used in our study of the shapes of random
walks is the resolvent, R(A}. Using equation {1}, the fact that the imaginary part of
{R{x}) is the ensemble average of the probability distribution of eigenvalues of T,
some standard results of contour integration, and assuming that the resofvent and its
averages are sufficiently well behaved that averages and integration operations can be
commuted, we have

(a0 = 53: #ﬂ {R{ATIA dA (9)

where €, is 2 small contour which encloses A, This result requires {R{A ) 10 be analytic
except for poles at the eigenvalues, which is indeed the case in high dimensions.
Simitarly, we have

2
R{AA® dA {10}
Known results to first order in 1/ d can be rederived easily using the above expressions,

2.1. Evaluation of the resolvent function (R{(A )Y

Expanding the resolvent function R{}) in powers of T we obtain

1 1 n,T te . (T 4
R(};}a(Tf}'ﬁ:'_l',—TrE[1+(—-)-‘-)+?+...}-—Kﬂ§"rr(x) ‘i“;. (11)
Thus,

1 = ™'y d
won= £ (1e5) )+ o

A diagrammatic method can now be vsed to evaluate (R(A}) {Gaspari et af 1987}, We
Can write
Tr(',’"}:: E Z (Tl'“l"iaﬂlﬁlnﬁﬁzﬂﬂz"zﬂ“zﬁznﬁm" . ﬂdninaanﬁnﬂﬁnh)‘ {13)
L7 - 708 PO Y
oue
where the matrices a,,z, , are the same for every N-step random walk and their spectrum
is very well known, with eigenvalues

C(N+D)

&; =

i=12,..., N
it =4
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(a) (b

Figure 1. (a} The representation of Tr(T/A)". (b) The representation of the lowest-order
contribution to {Te(T/A)™.

The averages in equation (13) are thus over the 7s. Recall that the displacements
corresponding to different links are statistically independent. Therefore, for linear
chains,

1
(nainﬁj) = E aa,ﬂaij- (14)

O L ATl TL o at
2INCe LOcC AIsUiounon ol

<TI crli.nn;i;nn';ign a‘id)
= (nall‘lnazig)(naﬁ;na.‘u) + ("}a,i,"’h:,:,)("? nzizna4i4>
+(77a1:, T’a‘,i.)(’?a'ziz 7’«131’3) (15)

and, in general, the average of a product of 2m »s will equal a sum of products of
the average of m pairs of #s. The sum is over the (2m)!/2™m! distinct ways of
constructing m pairs of the 2m 7s.

A diagrammatic method has been introduced to keep track of the pairings of #s.
This method can be used to systematize the 1/d expansion. The details of the graphical
method are given in a previous paper, and we refer the reader to that work (Gaspari
et al 1987) for specifics. Here we directly apply the technique to the calculation of
(R(A).

As an example of the application of the method, consider Tr(T/A)", the nth-order
term in the summation in equation (11). This term is represented as the ring diagram
displayed in figure 1. The large dot that separates the crosses representing the us at
the two ends of the right-hand side of equation (13) is, like the other dots in the
diagram, a representation of the component and labelled by #. The zeroth-order
contribution to (Tr(T)/A)") is obtained by pairing off adjacent ns only. The diagram
representing this pairing is shown in figure 1{b). This diagram represents

Qup Qosp Qup a\"
Zﬂ A 8ﬂla1 A s A SB",:H.:TF(X) - (16)
a By
sz

3. {R(A)): 1/d? contributions

In order to evaluate the 1/d? correction to the resolvent, it proves convenient to
separate the contribution into two classes, irreducible and reducible diagrams. Consider
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(a)

(&)

Figure 2. (2) Threesets of #sin the diagrammatic representation of (T/A)", shown encircled.
(b} The three sets are pulled together as a preliminary step in the pairing of the nsin the

{‘j.’f‘/f—"_'*“" *"* N X
) ..(a) .(b).

Figure 3. (a) The irreducible pairing of the ns in the three sets brought together in
figure 9{b). (b) A reducible pairing of the 7s in these sets.

for example the three sets of »s in a chain, shown encircled in figure 2(a). The chain
is ‘bent’ so that pairs are moved near to each other as in figure 2(b). Figure 3(a)
displays an irreducible pairing of the six %s in the three sets and figure 3(J) displays
a reducible pairing of these six ns. A diagram is irreducible when a pairing of the #s
in a group of n sets cannot be broken down into pairings between #s in groups of n
and n — m sets where no pairings exist between an 7 in one group and an 7 in another.

3.1. Irreducible diagrams

Consider the kth, (R + m)th and (k+ m+ r)th pairs of figure 1, counting clockwise,
and bring the 67s together as shown in figure 4.

-~ ~

’ \

! 1
]

i I(k+mlm

kih ‘ ; ' th
[N * S

t ]
I |
| /
\ /
\“. ’/

Figured. Three sets of nsin the diagrammatic representation of (T/A)" areshown encircled.
The three sets are pulled together as a preliminary step in the pairing of non-adjacent ns,
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Figure 5. The four topologically distinct way of pairing the six xs appearing in figure 4
are exhibited in (a)-(d).

The pairings of non-adjacent ns occur between the kth, (k+ m)th and (k+m+r)th
pairs of the ns pairs. The four ways of pairing them are displayed in figure 5{a-d).
If the remaining pairings are all of adjacent ns, we obtain a contribution in 1/ d*to
1/A{Tr(T/A)™) from the irreducible pairings (see table 1). The reader is referred to the
appendix for details of the calculation. Here we only give the final result. The total
contribution from the irreducible diagrams to the resolvent function (R(A)) is
a; 11 o; a; @

(A— a,v)4+x PE i::_,z'zk (A—a,) (A—a;) (A—oy)

11 @; o1 a; Zaf )
*2 A dz(-}z:j (/\_ai)2 (/\-aj)2+i§j (/\"af) ()‘_C!j)3 ' {17)

(RO =1 =338

3.2. Reducible diagrams

Similarly, we consider the kth, (k+m)th, (k+m+n)th and (k+ m+r+ p)th pairs of
figure 4, counting clockwise. We bring the eight s together as shown in figure 6. The
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Table 1. The contribution of the irreducible diagrams to Tr{T/A)".

Diagram Contribution
':'-‘\' 1 n{n—1}{n-2) a\"
1 £ 2 "3
T, oy N, § Yoo
—E—— :F "W
oot (a)
f/--\\ lzn(n m—l)Tr(a) Tr(g)n_m
L—l Wt St d A A
—R X T /af
A Y I; (b)

’,—.,‘ in a Il a " n—{m+r)
SN =2 2) (2] (2
[ 3 '(A) T(A) r(a)

'\_.__’1 (c)
P N . _1_2 n(n—])(n—Z)Tr(E)
L I i T M d 6 A
—KIn—-—-—w-==rT T
NS (d)
I’, \\‘ ’// \\
1“‘"’“"“ ‘[k+m+r)
(k¢mer+p)th
—_— PR S—
l l
\ /
\‘\—’/

Figure 6. Four sets of »s in the diagrammatic representation of (T/A)” are shown encircled.
The four sets are pulled together as a preliminary step in the pairing of non-adjacent 7s,

1/d? correction term arises because of the pairings of non-adjacent xs that occur
between these pairs, and the six different ways of pairing them are displayed in figure
7(a-f). The remaining pairings are all of adjacent ns. After summing all the contribu-
tions of the reducible diagrams to the resolvent function {R(A)) (see table 2), we obtain
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|
i
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(&)
’l‘-‘\‘ I”-\\
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Figure 7. The six topologically distinct ways of pairing the light ns appearing in figure 6
are exhibited in (a)-(S).
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Table 2. The contribution of the reducible diagrams to Tr(T/A)"

Diagram Contribution

WY

l’—-\\ _I_ET (g)mTr(E)pTr(g)n_CMH,)
N S N 422 '\a y A

i

’

(a)

L L ()

.—KE’_K—T T b e
(b)

- i
NN lf"rr(g)n
l\<1 2?2 '\}

—u!n——-—x/ T T, WK I
‘\‘ _l'
- (c)
1 n
_L'Tr(f
d24 \a
{d)
—— 1n (a)"
PR : — =Tel =
I #2
i 8 il - p—
A A (e)

é
;

s (f)
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the following result for the reducible contribution to the resolvent function:

11 ot ;11 al a?
ROMR=123 L oy 3 L ey Gima)?

11« g

P EL O Oy P ey )

l Z ; al ak

AT —a) (A-a) e

-1__1_ a; a; ak

T E Gma) A=d) A—d) (1)

Summing the irreducible and reducible contributions gives the total 1/d” term in the
expansion of the resolvent function, which, with the use of (9), yield the following
result for the 1/d” correction to the average principal radii of gyration:

2 .2 .2

aja; _—O.'l j
A= ™ & T )

The sum on the left-hand side of this equation can be carried out exactly using contour
integration methods. We find

o) 1os2 2
w4 1 ™ (20)

TGRSR S
Thus, our final result for {A,) to order 1/d? is

3 1 (= 1)] (1)
(A “'[1+4d d2(48 32 d’ (21)
where the zeroth-order term
0=D cicy (22)
i

The O(1/d) contribution to equation (21) was previously derived (Rudnick et al 1987,
Gaspari et al 1987).

Following the procedures outlined above, we find that the 1/d” contribution term
to the average of the square of the eigenvalue, (AD), is given by

1 ala,
2 ..4__ ___._J_ +7— —iT
(BA)=—4—53 § ) e
(i=i) (wi)
ata; 1 2
—_ ___L+ 2 .__J_....._... . 23
”af’(Z -y &% L Go 23)
™D D
We make use of the following results:
1 31
RN
(j#i)
1 w111
Z 732 72 192 g 4 (24)
i ) 1ci g i
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The 1/d? correction term becomes

1 w1
AN yar="5 2-(——- —)‘
(AAD 102 2%\ 3 +4 (25)
Finally, we obtain to order 1/d*:
(N+1))2[ 71,1 (1:'2 7)'| (1)
Ahy= +- =+ —7+- —=].
a0 ( =2 ) "2t E\ s ) O\D, e
The variance of the distribution is given by
(N+1))2|:2 1(71»2 9)] (1)
Ai— () =( S+l =i+ [+ol=
Q- =0 ) g\ 1) ) To\e @)
and the ratios of the eigenvalues are
(A} jz( 1 7 2 -2)
= 1+ = (=) ). 28
( j> 1-2 1 d2 48 (I J ) ( )

From equation (28) we note that the ratios of the eigenvalues for linear chains depend
on the spatial dimensions at order 1/d”.

4. Comparison with numerical simulations

There is no experimental data to compare with our 1/d expansion-predicted results;
however, there exist numerical simulations. Here, we consider two sets of data. The
first consists of data obtained by Bishop and Saitiel (1986), and Bishop and Michel
(1986), where the shapes of linear and ring polymers, with and without excluded
volume, were investigated numerically via Brownian dynamics in a variety of spatial
dimensions. In their polymer model, N beads are joined together by nearest-neighbour
harmonic spring forces, and each bead is subject to a random force and a frictional
force proportional to the velocity. The other set consists of data we have generated
for open waiks. The two sources of data uiilize different ways of exploring random
walk configurations. In our theoretical study of shapes of random walks, there was no
interaction between bonds nor were any other forces taken in consideration. The
advantage of using our method of generating random walk configurations is its direct
relation to the real random walk process, and the fact that it is an efficient algorithm
to generate walks of very large number of steps. The advantage of using the data
obtained by Bishop and co-workers is that their model is closer to the nature of real
polymers. In addition, they were able to study ring polymers as well.

Before proceeding with the comparison between our 1/4 expansion-predicted
results and the numerical calculations, we test both sources of data using exact analytical
results for the square of the radius of gyration open walks.

4.1. Average radius of gyration (R°)

Recall that the analytical formula for the square of the radius of gyration (RH=32,(A)
is an exact result and is given by (R*)=(N+1)/6 for an N-step open walk or linear
chain and by (R%)=(N +1)/12 for an N-step closed walk or polymer ring (Kramers
1946, Zimm and Stockmeyer 1949).
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Table 3. Eigenvalues () and their ratios for linear chains. Comparison between 1/4
expansion and exact results and numerical calculations for an N = 100-step walk.

1/d expansion theoretical results (N = 100)

Numerical
Dimension {d) Eigenvalue Oth order 1st order 2nd order results
2 (AL} 10.233 14.071 14.517 14.269
(A} 2.558 3.518 4.023 2719
(A /(A 4.00 4.00 3.383 5134
(Rz) 101/6=16.83 101/6 =16.83 101/6 =16.83 17.048
3 (A 10.233 12.792 12.990 12.925
{Ay) 2.558 3.198 3.423 2873
{Ay} 1.137 1.421 1.651 1.042
(A Api{asy  9:2.25:1 9:2.25:1 7.35:1.99:1 12.404:2.757:1
(A {A) 4,00 4.00 3.726 4,498
(Rz) 101/6=16.83 101/6 = 16.83 101/6=16.83 16.84

We have tested our numerical simulations for the open walk against these exact
results. For an N = 100-step walk, the difference between our data and the exact results
is about 1.26% in two dimensions and 0.04% in three dimensions. The agreement is
very good. We are thus encouraged to compare the 1/d expansion-predicted results
with our numerical calculations. This comparison is displayed in table 3.

The data obtained by Bishop and Saltiel (1986) for the eigenvalues of the radius
of gyration tensor were also tested by comparing their numerical result for the average

expansion and exact results and numerical calculations of Bishop and Saltiel for an
N =32-step walk.

1/d expansion theotetical results (N =32}

Numerical

Dimension (d) Eigenvalue Oth order 1st order 2nd order results

2 (A 3.343 4,597 4.743 4.81+£0.28
{As) 0.835 1.149 1314 0.92+0.53
(A/{A) 4.00 4.00 3.383 5.22
{(RY» 33/6=5.5 33/6=55 33/6=5.5 5.73

4 {ap 3.343 3.970 4.007 4.0420.28
(A 0.835 0.992 1.033 0.96+0.03
{Ap) 0.371 0.441 0.483 0.38+0.01
(A4 0,203 0.248 0.290 0.18+£0.01
(ap/Ag) 4.00 4.00 3.845 420
(RY» 33/6=5.5 33/6=53 33/6=55 5.56

5 ) 3.343 3.845 3.868 3.95+0.17
{Ay) 0.835 0.961 0.987 0.99=0.05
(A3} 0.371 0.427 0.454 0.37+0.02
{Ag) 0.209 0.240 0.267 0.19+0.04
{(Ag 0.133 0.153 0.181 0.11+0.001
{A /Ay 4,00 4.00 3.901 3.99

{R% 33/6=55 33/6=5.35 33/6=5.5 561
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radius of gyration with the exact result. For an N = 32-step walk, using their numerical
results as displayed in table 4, one finds a discrepancy between their numbers and the
exact result for the average radius of gyration of about 4% in two dimensions, 1% in
four dimensions and 2% in five dimensions. Again, there is good agreement between
their data and the exact result.

4.2. Eigenvalues (A} and their ratios: comparison of 1/ d? expansion with numerical results

In the previous sections, we were able to obtain the analytical expression for the
average principal radii of gyration of an open walk embedded in d-spatial dimensions.
We found that, to second order in 1/4, the ith eigenvalue is given by

' (N+1)[ 1 (ﬂ2i2 1)] (1)
= +~— — —1]|+0l= 29
A== | ' 7 32 d? (29)
and that the ratio of the eigenvalues is
Ay ( I 2)
A L +— —
oyt (30)

Table 3 contains a comparison between predictions based on equations (29) and (30)
and our numerical data. Table 4 displays another comparison between the theoretical
predictions with the numerical calculations of Bishop and Saltiel (1986).

" First reconsider the eigenvalues of the radius of gyration tensor themselves. Con-
sidering the largest eigenvalues only, in comparing our simulations, the error difference
between the two findings in 4 =3 is about 20% at zeroth order in 1/d and decreases
to 0.5% when one includes the second-order term of the 1/d expansion. The agreement
is excellent even for a small number of steps and at relatively low spatial dimensionality.
In two dimensions, the error difference for the largest eigenvalue decreases from 28%
at zeroth order to slightly less than 2% when one includes the next higher-order terms.

By contrast, considering the lowest eigenvalues, agreement between our predictions
and the numerical results becomes worse as one includes higher-order terms of the
1/ d expansion. In three dimensions, from the comparison in table 3, the error difference
between the two results increases from 8.3% at zeroth order of the expansion to 36%
when one includes the second-order term in 1/d. A possible explanation is as follows.
Our eigenvalues will generally have overlapping distributions, as displayed in figure
8. Suppose one of the eigenvalues, a,, has a larger average than a,, i.e. {a) > (o).
The eigenvalue associated with the distribution closer to the origin can be larger than
the eigenvalue associated with the distribution further out, especially in the overlap
region indicated in figure 8. However, our method will always identify the second
eigenvalue above as the larger one because our analysis is based on an expansion
about d = o delta function distributions. It is clear that the overlap region covers most
of the entire portion of the curve of the ‘smaller’ eigenvalue, but it only covers a small
portion of the curve of the ‘larger’ eigenvalue. Therefore, the overlap will have a
stronger effect on the smaller eigenvalue. The extent to which these peaks overlap will
be discussed later.

A similar comparison of the eigenvalues of the radii of gyration tensor for linear
chains can be made using the data obtained by Bishop and Saltiel and is displayed in
table 4. The trends are found to be similar. In two dimensions, the agreement, in the
case of A,, is improved as the highest-order terms of the 1/d expansion are included.
There is a systematic improvement for the largest eigenvalue in every dimension.
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Probability

Eigenvalue

Figure 8. Probability distributions for the largest eigenvalue (P,(,)) and for the smallest
eigenvalue (Py{a,)) as given by equation (31) for 100-step walks in three dimensions.

Probability

T T T o y T

Eigenvalue

Figure 9. Probability distribution P,(A) as given by equation {31) in three dimensions for
100-step walks.
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Probability

Eigenvalue

Figure 10. Probability distribution P,{A) as given by equation (31) in 30 dimensions for
100-step walks.

Probability

Eigenvalue

Figure 11. Probability distribution P,(A} as given by eqaution {(31) in d = 100 for 100-step

walks.
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When comparing the ratios of the eigenvalues, the predictions are worse in two
dimensions as expected. Higher-order corrections lead to the poorer agreement and
this is probably due to the previously discussed overlap of the distribution that is not
taken into account in this expansion. The agreement gets better as the dimension
increases. In five dimensions, the difference between the data and the predictions of
the 1/d expansion is about 2.2% and the result is well within the error bar.

4.3. Probability distribution of the principal radii of gyration in various spatial dimensions

In this section, we investigate the behaviour of the distribution function for the
individual principal components of the radius of gyration in various spatial dimensions.
This will provide information about the behaviour of the resolvent (R(A)}) between
consecutive eigenvalues and its peaks in these intervals. The analysis is carried out
numerically. The results indeed show that there is only a single peak at low dimensions.
Figure 9 displays the curve of the probability distribution P(A) against the eigenvalue
A in three dimensions where P(A)= P,(A)+ P,(A)+ P;(A) with P(A) are defined as
obtained before in our previous paper (Gaspari et al 1986). They satisfy

(d/2)-1 .
R()«)=Ci(l) exp(—t—ii) (31)
a 2

i a;

where the quantity C; is adjusted to normalize the probability distribution P;(A) to 1.

It is clear that there exists only one peak in three dimensions. In other words the
peaks that correspond to the total distribution overlap at lower dimensionality. These
peaks start to be well separated only in relatively high spatial dimensions. For instance,
figure 10 shows the separation of the peaks for the largest and next-largest eigenvalues
in 30 dimensions. The existence of the three well separated peaks, as shown in figure
11, occurs at very high dimensions {(d = 100).

Our method of extracting the eigenvalues up to any higher order in 1/d assumes
that the imaginary part of the averaged resolvent (R(A)), is very small in some interval
between consecutive eigenvalues and therefore this quantity has very well-separated
peaks. However, as we have seen, this condition is satisfied only at high dimensions.
In lower dimensionality, the existence of only one peak represents a limitation on the
accuracy of the 1/d expansion for any but the largest eigenvalue; this is indeed verified
when comparing the predictions of the 1/d expansion to second order in 1/d for the
smaller eigenvalues with the numerical results.

Appendix

In this appendix we illustrate how the resolvent function (R(A)) is obtained to
order 1/d? using the diagrammatical method. We consider here only one diagram
(figure 5(b)). The same analysis is used for the others.

The double lines represent pair averages. For instance, the irreducible pairings of
the 7s in the three sets yield

. : 1
(nﬁk-ilknﬁk+m—llk+’”) =E 8akﬂk+m—|6ikik+m ‘ (Al)
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The remaining pairings are all of adjacent ns. By careful consideration of the effects
of the delta functions generated by these pairings, we arrive at the following result for
the contribution of this diagram to {Tr{T/A)"):

Tr (X) Tr (X) E E aik’“msikfk+m+r5ik+mik+m+r (Az)

=1
ikam=1
icrm+r=1

which is just

) el

As can be established by inspection, the number of different ways of forming this
diagram is n(n —m—1). Therefore its total contribution to {Tr(T/A)") is

n{n-m-1) %Tr(-})m Tr(%)"_"l
ez () G

=?n(n—m—1)%(7) (T) +?n(n—m—l)zi:(:) . (A3)

LET)

Now we sum over all ‘locations’ of the non-adjacent pairings and obtain

75 52 rommo(3) (3) g E Ee-mon($) ()

Using standard results for geometrical series, we find that the final contribution to
{Tr(T/A)") of the diagram becomes
(@/a)° 1 ¥ (ai/A) (2;/A)
[1- (e /A)] 27 [1= (/)T [1- (ay/ M)T
Z (ai/2) _2Aey/A)
P 1= (a/ M) [1=(a;/ V)T

A similar analysis can be carried for all diagrams contributing to {Tr{T/A)"}. Here we
consider only the ones contributing to 1/d? corrections. The expressions assigned to
each diagram are listed below.

Contribution from figure 5(a):

dZZB

(A4)

_1__ ('1’1‘/)‘)3

&5 = (/0T (3)
Contribution from figure 5(c):
Lo (/A 1 o (/W) (a/N__(a/N)

dzz[l (a ,-//\)]4 dzi#jaﬁk[l_(ai/'\)]z [1-{a;/A)] [1~(ax/A)]
(ai/A)z(aj/)‘) (ai/A)z(aj/A) )
Z( [1—(a/ DFLL~(a/ W] 1= (a/DF1 (a0 A4S
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Contribution from figure 5(d}:
(a/2)
L T (AT)

Similarly we obtain the following results from the reducible diagrams.
Contribution from (a) in table 2:

1 (a,/A)* 1 (a/A)? (a;/A)?
- 2_— J
L (T @ 2 = (e T T =/ VT

_‘_L(Z (a:/A) (aj/)‘) (a;/A) ('5'_;'//\)3 )

2\ [1-(a/ AT [1—(a;/)\)]3+-—§;3 [1= (/)] [1= (/M)

1 5 (a/ A)(e;/ M)/ A)?
dz:#;#k[l (GI/A)]D_ ;/1\)][1 (ak/'\)]y

Contribution from (b):
%24 (as/A)* 1 (@/A) (a;/2)

(A8)

(= (a/ T | & & T @/ T (1= (a/ AT

RSN CYEVCHIN
dzr#; [1=(a/ DI~ (ar/ )T
Contribution from (¢):

i (ai/A)4
22— (e AT

Contribution from (d):

(a;/A)*
[1~(a/ )T
Contribution from (e}:

1 a;/A)*
FL T
Contribution from (f):

(ai/ ) 1): (a:/A)’ (a;/A)
[1=(a/N  d* & 11— (a/ )P 1= (/)T

(A9)

(A10)
(Al1)

d22

(A12)

dzz (A13)
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